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Abstract—The thermoelastic problem of a flat crack of infinite length and constant finite width between
bonded dissimilar anisotropic materials is examined. The stress singularities at the crack tips are obtained
and compared with those for the corresponding elastic crack problem.

1. INTRODUCTION

Over recent years a number of generalised plane thermoelastic boundary value problems have
been solved for anisotropic materials. Thus, e.g. Clements[1], Tauchert and Ako6z[2], Clements
and Toy[3], Atkinson and Clements[4] and Clements and Tauchert[5] have successfully
employed integral transform techniques in order to solve various thermoelastic contact, crack
and slab problems for anisotropic media. So far complex variable techniques have apparently
not been used for the solution of thermoelastic problems involving general anisotropy. Since in
many cases the problems which can be solved using integral transforms can also be solved by
complex variable methods it seems of little importance which of the two procedures is used.
However there are certain problems which only readily yield to one or other of the two
techniques. For example the slab problems considered in Tauchert and Ak6z[2] and Clements
and Tauchert[5] are much more easily solved by employing integral transforms while problems
involving cracks between dissimilar media are extremely difficult to solve by using transform
techniques. In fact the thermoelastic problem associated with a crack between dissimilar media
has not so far been solved. Thus the purpose of the present paper is to first set up the necessary
expressions for the temperature, heat flux, displacement and stress in terms of arbitrary analytic
functions and then to use these representations to solve for the flux and stress fields round a
crack between dissimilar anisotropic media. This problem is of some importance since layered
anisotropic composites may contain crack like flows along a bonded interface and the present
analysis could be used to examine the nature of the thermally induced stress field in the vicinity
of such a crack.

2. STATEMENT OF THE PROBLEM

Taking Cartesian coordinates x;, x,, x; and assume the two dissimilar anisotropic materials
occupy the regions x,>0 and x, <0 which will be denoted by L and R respectively. The
materials are assumed to be bonded at all points of the interface x, = 0 except those lying in the
region |x,| < a, —% <x; < where there is a crack. On the two faces of the crack equal and
opposite heat fluxes and tractions are specified. It is required to find the temperature, flux,
displacement and stress fields in the bonded material.

If the temperature, heat flux, displacement and stress in the regions L and R are denoted by
T -PL, u*, of and TR, — PR, R, o respectively then the following conditions must be
satisfied on x, = 0:

PL=—f(x,) on x,=0+ for |x,|<aq, 2.1
PR =—f(x) on x,=0- for |x,|<a, (2.2
oh=—pi(x;)) on x,=0+ for |x,| < a, 2.3)

o =—pix;) on x,=0- for |x,|<a, 2.49)
121
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and
w'=uX on x,=0 for |x|>a, (2.5)
T"=T* on x,=0 for |x|>a, (2.6)
P“=P® on x,=0 for |x|>a, 2.7
oh=0f% on x,=0 for |x|>a. (2.8)

where f(x,) is the given heat flux and p;(x,) the given tractions over the crack faces.

3. FUNDAMENTAL EQUATIONS

Consider a homogeneous anisotropic elastic solid in which the displacement, stress and
temperature fields are independent of the Cartesian coordinate x,. The temperature distribution
T(x,, x,) in the material satisfies the heat conduction equation

a?*T

M axax, D

where A;=\; are the coefficients of heat conduction and the repeated suffix summation
convention (summing from 1 to 3 for Latin suffices only) has been used. The general solution to
(3.1) in terms of an arbitrary analytic function y is (see Clements[1])

T(x;, x2) = x(2) + x(2) G2

where the bar denotes the complex conjugate and z' = x, + 7x, where 1 is the root with positive
imaginary part of the quadratic equation

)\1|+2)\127+ )\237220. (33)

The stress o;; induced in the material by the temperature distribution (3.2) is related to the
elastic displacements u, by the equations

au
0 = Ciju Ex_‘,( - BT (3.4)
where c;;, are the elastic constants and B; are the stress-temperature coefficients. The stresses
o;; given by (3.4) must satisfy the equilibrium equations do/dx; and hence

c J zuk
ikl ax,-aX|

B 5 =0 (335)
Since T is given by (3.2) we try for a solution to (3.5) in the form
= Cp(2) + b (2), (3.6)
where the C, are constants and
¢'(2) = x(2). 3B.7)
The displacement (3.6) will be a solution to (3.5) if

Dikck =% (3.8)

where

Dy = Gyt + TCipa + TCiaky + 77 Cingr (3.9)
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and
Yi = Bu+ B (3.10)
Equations (3.8) serves to determine the constants C,.

In addition to the displacement which is given by (3.6) we may add any displacement whichisa
solution to the equation

82uk _
Cijkt ax%, =0. (3.11)

Solutions to this homogeneous system may be written in the form (see Clements{6])

U= AralalZ) + 3 Arali(Z,) (3.12)

where the sum is from 1 to 3, the ¢,{z) are arbitrary analytic functions and z, = x, + pX, where
P1, P2. P2 are the roots with positive imaginary part of the sextic

|Citk1 + PCirka+ PCiasr + P20i2k2| =, (3.13)
Also the A, are the solutions of the equations
(Citkr + PaCitka+ PaCizkt + Po’Cik) Aka = 0. (3.149

From (3.6) and (3.12) the displacement may now be written in the form
U= g Aratha(2.) + 5;: Aata(2.) + Cid(2) + Cid(2) (3.15
Hence, from (3.4), (3.15), (3.2) and (3.7) the stress may be written in the form
0y =3 Lindilza)+ 3 Liabele) + (Ny = B#'(2) + (Ny = )d'(2) (3.16)

where the primes on the anglytic functions indicate differentiation with respect to the argument
in question and

Lija = (Cijer + PaCiicd) Aka (3.17)
Ny = (¢t + € Cre (3.18)

Various properties of the constants occurring in (3.15) and (3.16) may be determined by
employing procedures outlined in Clements[1].

It is possible to present the analysis in a more compact form if the expressions for the
temperature, displacement and stress are cast into an alternative form. Suppose the upper
half-space L is occupied by a material with constants A, cfu, AL, L%, G5, N§, BL and the
fower half-space R by a material with constants for which the superscript R is attached. Define

AL+ AR (2)=d(2) for z € L, (3.19)
A8+ (z)=¥(z) for z € R (3.20)

Hence
¢(2)=E"®(z) for z € L, 3.2

#(z) = ER¥(z) for z € R, 322
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where
El=(5L+H7 ER =8 +Ra%" 3.23)

Then, from (3.2) and (3.7)

T= E*®'(z)+ EX®'(3) for 2’ € L, (3.24)
T = ER¥(z"y + ER¥'(3") for 2’ € R. (3.25)
Also define
S L5 4.(2)=04z) for zE L (3.26)
S LE.4.(2)=0,(2) for z € R, (3.27)

where the {},(2) and 8,(z) are defined and analytic in L and R respectively. Stroh[7] has shown
that the matrix [L;,,] is non-singular and hence

U(2)=M5Q,(z) for z € L, (3.28)
U.(z) = MR@,(z) for z € R, (3.29)

where
S LiME=8;, X LEME=3; (3.30)

Hence, in (3.15) and (3.16)

wt=3 ALMEQ(z)+ S ALMEQ(Z) + CEERO(2) + CLEY®(z) for z,, 7€ L, (3.3D)

of =3 LiMaiz) + XY LM uliz) + (Nf - BHE-®(2)
+(NE-BHE"®'(Z) for 2,2’ €L, (3.32)

“kR = z Aﬁ!Mﬁj@j(zﬂ) + 2 AﬁaMaRjéj(ia) + CkRER‘I’(Zi)

+ CRERV¥(3) for 2,2 € R, (3.33)

of =3 LEME®Wz) + 3, LEML8(Z) + (N - BHEF¥(Z)
+(N§-BDHERY() for z,,2 €ER (3.34)

4 TEMPERATURE FIELD

The heat flux —P at a point across the surface with outward normal n = (n,, n,, 0) is given by

aT aT
P=Ai=—n+Ay——n, 4.1
Wgg 1 gk Tt

Hence, from (3.23) to (3.25) it follows that the fiux will be continuous across the plane x,=0
outside the cut from x,=—atox,=a if

D" () + B (xy) = W (x) + U (x) for x> q, C))
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or
& (x) — ¥ (x,) = ¥ (x)) - ®"(x,) for |x,|>a. @.3)

where

lim ®(z) = ®*(x,), li_ilol_ ®(z) =& (x)).

X0+
Thus, if we put

@"(z)-¥"(z) = A(z) for z € L, 4.4)
¥'(z) - ®"(z) = A(z) for z € R, 4.5)

where A(z) is analytic in the whole plane cut along (- g, a) then eqn (4.3) is identically satisfied.
Similarly, the temperature will be continuous across the bonded interface if

E'd'(z) - ERV'(2) =H(z) for z € L, (4.6)
E*V'(z)- E'®'(z) =H(z) for z € R. 4.7

Differentiating (4.6) and (4.7) and substituting from (4.4) and (4.5)

(E' - ERY"(z) =H'(z) - ERA(2) for z € L, 4.8
(ER - EN®"(z) = v'(z) — ERA(z) for z € R. 4.9)
Hence
®"(z) = (EX - E®)'[0'(z) - ERA(2)] for z € L, (4.10)
&"(z) = (ER - EY[W(z) - ERA(z)] for z € R. 4.11)

Now the heat flux is specified over both faces of the cut and hence, from (3.24), (3.25), (4.1),
(4.4), (4.5), (4.10) and (4.11) it follows that

(EF- ER)_'[H'+(XI) - E_RA+(x,)] +(ER-EY ' (x) - ERA (x)] = - f(x,) for |x,! <a (4.12)
(E® — EY'[n(x;) - ERA~(x)] + (B = E®) [ (x,) - ERA*(xy))
+A(x)-A*(x) = - f(x,) for |x\|<a, 4.13)

where f(x,) is the specified heat flux which is assumed to be the same on both faces of the
crack. Subtraction of (4.13) from (4.12) yields

A (x))=A(x)) for |x)|<a (4.14)

and hence the function A(z) is analytic in the whole plane. Furthermore since the temperature
field must tend to zero as |z|- = it follows that A(z) is identically zero. Hence (4.12) and (4.13)
reduce to

(E* - E®) " (x)) — (E* - E®) ' (x)) = - f(x)) for |x||<a, 4.15)
or
H(x,) — pH' " (x)) = —(E* - E®)f(x,) for |x||<aq, (4.16)
where
n = (E* - E®(EX - EP). .17
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The solution to this Hilbert problem is

-x(2) [ (E* - E®f(x) dx,

HO= 9 | -9 @18

where
x@=C-a)" 'z+a)™" (4.19)
=L log (4.20)

2mi

where we select the branch of x(2) such that zy(z) = | as |z| > and choose the argument of u
to lie between 0 and 2.

Having obtained the w'(z) from (4.18) the ®"(z) may be obtained from (4.10), (4.11).
Equations (4.4), (4.5) and (4.14) then provide ¥'(z). The complete temperature and flux fields
may then be evaluated from (3.24), (3.25) and (4.1).

5. THE DISPLACEMENT AND STRESS FIELDS
The displacement across x, = 0 for |x,|> a will be continuous if
BiQy"(x) + Bigfy (x) + G E 0 (x) + G E 9 (x)

= BRO; (x)) + BRO*(x)) + CRERY(x)) + CGRE*¥*(x) for |x)|=a, (5.1)
or

B ﬁjnf(x\) - Bﬁé+(x1) + CLFEM*(x) - CRER¥(x))
= BRO, (x)) ~ B5O (x) + CRER¥ (x) — CLEL®(x)) for |xj|=a, (5.2)
where

BE=3 ALML,  B{=3 ALMY

Hence if we put

Biiy(2) - B{§8;(2) + CE ®(2) - CRE*¥(2) =T (2) for z € L, (5.3)
B0, - BE0,(2) + CGRE*¥(2) - CFES®(z) =T (z) for z € R (5.4)

where the functions I',(z) are analytic in the whole plane cut along (—a, a) then eqn (5.2) is
satisfied identically. Similarly the stress will be continuous across the bonded interface if

Qz) - 042) + (N5 - BHELD'(z) - (NB - BR)ERV'(2) = A(x) for z E L, (5.5
0'(z) - QUz) + (NR - BRERW(2) - (N5 - BRE"®'(z) = Al(2) for z ER, (5.6)

where the functions A;(z) are analytic in the whole plane cut along (- q, a).
Let

Pl(z) = CLE*®(z) - CRERY¥(z) for z € L, 5.7
PR(2) = CRER¥(z) - CFE ®(2) for z € R, (5.8)
QM2 =(N5-BRHE"®(2)- (NE-BHEV(2) for z € L, (5.9)
QR(z) = (NE-BRER¥'(z)— (N5 - BRE"®(2) for z € R. (5.10)

Hence from (5.5) and (5.6)

02) = Q)+ QM) Az) for z € L, (5.11)
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0(2) = 0(z) - QR(2)+ Alz) for z € R. (5.12)

Hence differentiating (5.3) and (5.4) and substituting from (5.11) and (5.12)

(B - BR)Q2) - BRQM2)+ PX(2) =Tiz) - BRA(2) for z € L, (5.13)
(BE - BE)(2) - BEQR(2) + PX(2) =T(2) - BEA(2) for z € R. (5.14)

Hence
Qf2) = Cua{li(2) - BEA(D}+ Cud BEQH2) - PL(2)} for z € L, (.15
04z2) = - Cu{li(2) - BRA(2)} - CulBEQR(2) - P¥'(2)} for 2 € R, (5.16)

where
(BE-BRCy = 8y ¢.17

where 8, is the Kronecker delta. Use of (5.15) and (5.16) permits the boundary condition (2.3)
to be written in the form

Ca{T3 (x)) = BEA*(x)} = CadT (x) — BRAT(x)} = di(xy) for |x)}<a (5.18)
where
di(x)) = - pi(x) - Cad BEQ  (x) = P (x )} + Cud BRQR (x)) - PR (x))}
— (N5~ BRE"®" (x) - (N5~ BHE"®(x). (5.19)

Also use of (5.11), (5.12), (5.15), (5.16) and (3.34) permits the boundary condition (2.4) to be
written in the form

CadTi(x) = BEA ()} = CadTi(x0) — BRA; (x} = A (x) + A7 (x) = gi{xy) for x| <a, (5.20)
where
gi(x1) = — pi(x;) — Cad BEQ (x) ~ P (x} + Cad BEQR(x ) = PR (x} + QR (x) - QF*(x)
—(N§-BRDE Y (x) - (N5 - BRE ¥ (x)). (5.21)
Use of (5.9) and (5.10) in (5.21) shows that
gi(x)) = di(xy) (5.22)
and hence subtraction of (5.20) from (5.18) yields

A (xy) = AT (x) (5.23)

and A(z) is analytic in the whole plane. Furthermore A(z)—0 as |z]> and hence A(z) is
identically zero. Equations (5.19) and (5.20) thus reduce to

CuTi (xp) =~ CuTi (x1) = gi(x)) for x| <a. (5.29
Multiplying by constants R; which are yet to be determined and summing over i it follows that
R§C&Fi+(x1) - R;C'&FL_(X;) = R;g;(x;) for 1x 1[ <a. (5.25)

The R; are chosen such that
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RCy=S, RCy=\S (5.26)

where the S, and A are yet to be determined. Elimination of the S, provides
(Cu—ACiR, =0, (5.27)
These equations have a non-trivial solution if
|G — ACy| =0 (5.28)

which is a cubic in A with roots A, (y = 1,2,3); the corresponding values of R; and S; obtained
from (5.27) and (5.26) will be denoted by R,; and S.;. Equation (5.25) may now be written

'{Sykl“;’?(xl)}— )«Y{Sykl"if(n)} = R,igi(x,) for lxll <a. (5.29)

The solution to this Hilbert problem is

1 ;(1(2) !S‘)‘!& i(xl) dxl 3
Svk] k(Z) = I . Xf( l)( ] ) for Y= 1,2, L (530)

where
X, (2)=(z~a)"(z+a)", (5.31)

1
n= T log A,

where we select the branch of X_(z) such that zX,(z)—> 1 as |z« and choose the argument of
A, to lie between 0 and 2. Equation (5.30) provides

()= [TeXyd) [* Nugix)dx,
i) 2{ Y m} (5.32)

where
S‘XI‘T"B = BCIB'

Having obtained the T'j{(z) from (5.32) it is possible to substitute back into (5.13) and (5.14) to
obtain Q(z) and then (5.3) and (5.4) then yield @,(z). The displacement and stress throughout
the bonded material may then be obtained from (3.31) to (3.34).

6. STRESS NEAR THE CRACK TIP
In this section the nature of the stress singularities near the crack tip is considered. Suppose
the flux over the crack faces is constant and equal to f,. Then eqn (4.18) may be integrated to
yield

_ L_ER
H(z)= -—{1{(—_5?-,;]:5)—){1 ~-[@2m - )a + z]x(2)}. 6.1

Hence

- L_ R
H(2) = —%‘;(—;E;m%l {z—(z—-a)"(z+ay™". .2

where m is given by (4.20).
From (5.21), (5.7) to (5.10), (4.8) to (4.11), (4.4) and (4.5) it follows that

gi(x,) = = pi(x)) + hiE"(x;) + ki (xy), (6.3)
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where

(E* - EMhy =~ CulBR{(N - BRE" — (N £~ BDE®) - (G E* - CFEM) - (N iz - B E",

6.4)
(ER - EYk; = {CulBR{(N B - BRE® - (N ;- BE"} - (CE® - CFEM - (N - BRHE™.
(6.5)
Use of (6.2) in (6.3) provides
L_ R EL R D2 .
gz =~ pitey - BE BN I 2B gy ey ), (69
where

xi(2)=(z—-a)™(z+a)"™"" 6.7

If the applied tractions are constant then p(x;)=t; (constant) and (6.6) and (6.7) may be
substituted into (5.23) which, upon integration, yields

3~ [(zo+ na)(zo+n—-1)+n(n- l)a2]}

N.it; 1
T 2)= 2 T, X(2) [(1——::—"75 {Xv(z)

_ folhi + KX E" - E®) { z
(1_ 21mu)(1 eZmli) y(z

foE" ~ EX)(hi+k g’mt-my ra X1 (xy) dx,
B e = B I & o] €8
where
*(x,) dx1 a- e221r?(.£—m+l)) [;?((Zz))— {2az(n - m)+ z*+ 2a*(n - m)* - a’}] if n#m
f—a X, 0, -
20z +(2*- az)log( a) if n=m. (6.9)

The stress in the bonded material is given by linear combinations of the analytic functions
T'i(z) and hence (6.8) and (6.9) provide the relevant information about the nature of the stress
singularities at the crack tip. Note first that the type of stress singularity at the crack tip is given
by the functions X,(z) for y=1, 2, 3 and these functions are the same regardless of the
presence or magnitude of the applied heat flux. Hence the comments and calculations made
about the stress singularities for some particular anisotropic elastic materials in Clements[6] are
also pertinant to the thermoelastic case.

In the case when the two half-spaces consist of the same anisotropic material it follows
from (3.23) and (4.17) that u = —1 so Ehat m = (1/2). Also, in this case, it follows from (5.17) that
Cj has zero real part so that C; = — C;. Hence when the half-spaces are the same (6.4) and (6.5)
in conjunction with (5.17) provide

h.' + k,' e(-"'H)Zﬁ = hl‘ - ki
=0.
Thus, in this case, the last terms in (6.6) and (6.8) are zero and the stress field induced by the

constant heat flux in the absence of applied tractions may be obtained by taking the g;(x,) in
(6.6) in the form

gi(x) = "fohi(EL - Ek)xv

If the half-spaces are different then the stress field induced by the constant heat flux in the
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absence of applied tractions is given by putting t; = 0 in (6.8) and then substituting the resuiting
T'i(z) in the relevant expressions in order to obtain the stresses.

7. SUMMARY

Complex variable techniques have been employed to solve the problem of determining the
flux and stress fields round a cut along the joint between two dissimilar anisotropic half-spaces.
A closed form solution has been obtained for the case of constant flux and tractions over the
crack faces. The analysis indicates that the nature of singularities in the stress field at the crack
tips is unaltered by the presence of an applied heat flux over the crack faces. The introduction
of the heat flux simply modifies the coefficients of the singularities.
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